Measurement of an Angle using Radians 


In high school, we were all taught that an angle O is normally measured in degrees. There are 360 degrees in a 
complete circle. The “degree” is not a S.I. unit, and its use can sometimes lead to serious difficulties. 

In the S.I. system, angles are measured in radians. There are 27 radians (i.e., approximately 6.28) in a complete 
circle. The radian is dimensionless. This key feature allows us to use radians or derivatives of quantities 
measured in radians in scientific formulas. 

Figure 1 shows the point “P” located a distance r from the origin in a two-dimensional x-y coordinate system. 
The vector r links the origin to point P, and the angle 0 is located between the vector r and the x-axis. The 
angle 0 is equal to 60 degrees in this example. The official definition of the radian involves a circle, even 
though the size of the circle clearly does not affect the magnitude of a contended angle. In radians, the angle 0 is 
equal to: 


0O = arc length along the circle between the x-axis and point P 


radius of the circle. 


Note that the total circumference of the circle is 27r, and the defined 
angle in Figure 1 is 1/6 of the entire circle. Therefore, the arc 

length (shown in bold in Figure 1) is 27r/6= nr/3. 

Then by definition, O = arc length / radius = (ar/3)/r = 7/3. 

As expected, the final answer does not depend upon the radius of the circle. Figure 1 


A few important points about angles measured in radians: 


1. Radian measurement is defined by arc length/radius (meters/meters). Therefore the angle © measured in 


radians is dimensionless. By extension, we can measure 0 in radians per second, or s. We can express 6 in 
radians per second’, or s”. 


2. By convention, we usually define the counterclockwise direction to be positive when measuring angles. 
Therefore, an angle in the clockwise direction would be negative, regardless of whether it is measured in 
degrees or radians. 


3. The use of radian measurements can lead to some very y 
simple but useful formulas when the angle O is very small. 
In Figure 2, the angle O is so small that the vector ft 
becomes almost parallel to the x-axis. At that point, the 
tiny bit of arc length becomes very close to a straight 
line, approximately perpendicular to both r and the x-axis, 
yielding an isosceles triangle with two sides of length 
approaching r. Then: 
sin 9 ~ (arc length)/| T| ~ (arc length)/x ~ 0. Figure 2 
Note that both © and sin 6 are dimensionless. 


4. If you want to calculate the cosine of the angle shown in Figure 1, it doesn’t matter if you express the angle 
in degrees or radians, i.e., cos (60°) = cosine (7/3) = 0.5. However, if you wish to use angles or their time 
derivatives in mathematical expressions, such as a = vôû „+ vu,, you must express the terms 0, Ô, and Ö in 
radians, radians/s, and radians/s’, respectively. Remember there are no units associated with radians (they 
are dimensionless), but they can have a plus or minus sign. 


